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We revisit the problem of dipole-dipole scattering via exchanges of soft Pomerons in the context
of holographic QCD. We show that a single closed string exchange contribution to the eikonalized
dipole-dipole scattering amplitude yields a Regge behavior of the elastic amplitude; the correspond-
ing slope and intercept are different from previous results obtained by a variational analysis of
semi-classical surfaces. We provide a physical interpretation of the semi-classical worldsheets driv-
ing the Regge behavior for (−t) > 0 in terms of worldsheet instantons. The latter describe the
Schwinger mechanism for string pair creation by an electric field, where the longitudinal electric
field EL = σT tanh(χ/2) at the origin of this non-perturbative mechanism is induced by the relative
rapidity χ of the scattering dipoles. Our analysis naturally explains the diffusion in the impact pa-
rameter space encoded in the Pomeron exchange; in our picture, it is due to the Unruh temperature
of accelerated strings under the electric field. We also argue for the existence of a ”micro-fireball”
in the middle of the transverse space due to the soft Pomeron exchange, which may be at the ori-
gin of the thermal character of multiparticle production in ep/pp collisions. After summing over
uncorrelated multi-Pomeron exchanges, we find that the total dipole-dipole cross section obeys the
Froissart unitarity bound.
PACS numbers: 12.39.Fe,12.38.Qk,13.40.Em
I. INTRODUCTION
Near-forward parton-parton and dipole-dipole scatter-
ing at high energies is sensitive to the infared aspects
of QCD. General QCD arguments show that the re-
summation of a class of t-channel exchange gluons may
account for the reggeized form of the scattering am-
plitude [1], qualitatively consistent with the observed
growth of the scattering amplitude [2]. Nevertheless
some empirical features of the hadron-hadron scattering
(e.g. the Pomeron slope) point to the importance of non-
perturbative effects.
A nonperturbative formulation of high-energy scatter-
ing in QCD was originally suggested by Nachtmann [3]
and others [4, 5] using arguments in Minkowski space. At
high energy, the near-forward scattering amplitude can
be reduced to a correlation function of two Wilson lines
(parton-parton) or Wilson loops (dipole-dipole) in the
QCD vacuum. The pertinent correlation was assessed
in leading order using a two-dimensional sigma model
with conformal symmetry [4], and also the anomalous
dimension of the cross-singularity between the two Wil-
son lines [5]. Both analyses were carried out in Minkowski
geometry, with a close relation to QCD perturbation the-
ory.
An Euclidean formulation was used within the stochas-
tic vacuum model through a cumulant expansion in [6]
to assess the Wilson loop correlators in Euclidean space.
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Their phenomenological relevance to proton-proton sca-
tering was pursued in [7]. The instanton vacuum ap-
proach to the parton-parton and dipole-dipole scatter-
ing amplitudes was used in [8] to estimate the role of
instanton-antinstanton configurations in both the elastic
and inelastic amplitudes. In particular, a class of singu-
lar gauge configurations reminiscent of QCD sphalerons
were shown to be at the origin of the inelasticities. The
smallness of the pomeron intercept was shown to follow
from the smallness of the instanton packing fraction in
the QCD vacuum. The “instanton ladder” has been ar-
gued to generate the soft Pomeron both at weak [9, 10]
and strong coupling, through D-instantons [11]. First
principle considerations of the Wilson-line correlators in
Euclidean lattice gauge theory have now appeared in [12]
which may support the arguments for non-perturbative
physics in diffractive processes.
Elastic and inelastic scattering in holography have
been addressed initially in the context of the confor-
mally symmetric AdS5 setting using Minkowskian string
surface exchanges between the Wilson-line/loops in the
eikonal approximation [13]. This approach was further
exploited in [14–17] to address the same problem in holo-
graphic QCD with confinement [18] for quark-antiquark
scattering. In the confined Euclidean background geom-
etry, it was assumed that the most part of string world-
sheet stays at the infrared (IR) end point in the holo-
graphic direction, so that the problem effectively reduces
to the flat space one with an effective string tension at
the IR end point. The helicoidal surface was argued as
the minimal string surface between two Wilson lines for
large impact parameter. The inelasticities (a deviation
of the amplitude from being a pure phase) were iden-
tified through a multibranch structure in analytic con-
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2tinuation from Euclidean to Minkowski space. However,
the physics picture behind this multibranch structure has
been somewhat mysterious. One-loop string fluctuations
around the helicoidal surface have shown to be important
for addressing key aspects of the Pomeron and Reggeon
physics such as intercepts.
A more thorough study of the Pomeron problem in the
context of holography has been performed in [19]. Specif-
ically, the Pomeron was argued to follow from a full string
amplitude in a curved geometry of holographic QCD, in-
cluding fluctuations in the holographic radial direction.
One of our motivations for the present work is to clarify
the relation between the approaches in [13–17] and the
one in [19], identifying the valid regime of approximations
in the analysis of the former.
A compelling picture of the role of the holographic ra-
dial direction as one varies t = −q2 was presented in
[19]. As (−t)M2KK , where MKK denotes a mass scale
of confinement, the string worldsheet was shown to be
pushed to the UV regime along the holographic direction
where the behavior of Pomeron kernel becomes similar
to the BFKL [20–22]. The regime (−t) ≤ M2KK is how-
ever more model-dependent, and the string worldsheet
can in principle stay close to the IR end point. It is
in this regime (soft Pomeron regime) that the flat-space
approximation in [14–17] can be justified.
Based on the same flat-space approximation for soft
Pomerons, we will attempt to compute a full closed string
exchange amplitude between two Wilson loops in dipole-
dipole scattering. The two Wilson loops with large rel-
ative rapidity set the relevant asymptotic states in the
high energy eikonal formulation, and provide an effective
boundary condition for the exchanged closed strings. For
a small dipole size a, this boundary condition will be ar-
gued to be similar to the one in the D0 brane scattering
problem, which allows us to compute, modulo a few sub-
tle differences, all the essential features of the expected
Reggeized amplitude in soft Pomeron regime.
The Regge behavior of closed string exchange in flat
space has been known for a while from the simplest
Virasoro-Shapiro amplitude of 2 → 2 scattering. Irre-
spective of the details of the external states, the closed
string exchange gives rise to a universal Pomeron kernel
s2+
α′
2 t , (1)
where the 2 in the intercept should be replaced by
D⊥
12 for purely bosonic string, where D⊥ is the num-
ber of massless bosonic worldsheet fluctuations minus
two from ghosts. The universality of the above kernel
can be understood from the fact that it arises through
semi-classical worldsheets connecting the two high en-
ergy string states, whose lengths in the impact parameter
space b are of order b ∼√ln(s) 1 in units of √α′ [23].
As b is large, the details of the external states are not
relevant in (1). A similar conclusion will be reached in
our case of dipole Wilson loops specifying the external
states, as it should.
In this work, we intend to clarify a number of physi-
cal issues of relevance to dipole-dipole scattering in the
diffractive regime based on stringy holography:
1. We would like to clarify the results of [14–16], es-
pecially the ambiguity of the multibranch structure
in the variational approach. The universal result in
(1) indicates that only the minimal branch cut is
physical, while higher winding contributions are ar-
tifacts of the variational method. Also, the slope
α′
4 and the intercept 1 +
D⊥
96 in their results seem
to differ from (1).
2. We would like to understand the regime of validity
of the approximations used in those works, such as
using the flat-space approximation and neglecting
the massive worldsheet fermions. We also would
like to clarify the relation to the analysis in [19].
We will elaborate on this in section VI.
3. We would like to understand the physical origin of
the universal semi-classical worldsheets that are re-
sponsible for the Pomeron kernel (1). The effective
D0 brane scattering analogue we have for a small
dipole size a turns out to be useful for this. In-
deed, via worldsheet T-duality, we show that these
semi-classical worldsheets map to the stringy ana-
logue of worldline instantons (anti-instantons) in
the Schwinger mechanism of pair creation under
an external electric field, where the effective elec-
tric field in our T-dual picture is induced by the
relative rapidity of the original Wilson loops. This
gives us more insight onto the nature of the semi-
classical worldsheets. Moreover, we will argue that
the Schwinger mechanism description indicates the
existence of a “micro-fireball” in the middle of the
created string due to the Unruh temperature of an
accelerated string worldsheet, which may explain
the observed thermal multiplicity in pp collisions
as well as the diffusion behavior implied by the soft
Pomeron.
4. Beyond the universal kernel (1), we also include
the dependence of the full amplitude on the dipole
size a, in a reasonable approximation. This is a
question of prefactor multiplying (1) that depends
on the size (virtuality) of the external dipole states.
Our result is reminiscent of the phenomenological
dipole parameterization of the cross section of deep-
inelastic scattering in terms of a dipole size a and
the saturation momentum [24].
5. We also consider the case of dipole Wilson loops of
higher representations. We show that this case al-
lows some of the multi-winding contributions with
winding number k ≤ kmax, where kmax depends on
the representation. When k becomes comparable to
Nc, the N-ality becomes important and the correct
objects exchanged should be k-strings described by
D-branes, instead of simple overlapping k number
3of strings, so that the results for large k should be
modified.
In view of computing the connected expectation value
of two largely separated Wilson loops, we comment on
one aspect of our result. Indeed, we note that the semi-
classical worldsheets responsible for (1) exist for large
impact parameters. They are sustained by the rapidity
of the two Wilson loops. In the case of zero rapidity,
that is, for a pair of static Wilson loops, it has been
known that there is a phase transition at large distance
where semi-classical worldsheets connecting the two Wil-
son loops cease to exist [25], and one necessarily goes
to the perturbative supergravity mode exchanges. Inter-
estingly, this Gross-Ooguri transition is removed in our
case by a finite rapidity difference between the two Wil-
son loops: there always exist semi-classical worldsheets
between the two Wilson loops with rapidity angle. In
the T-dual picture, this is due to the fact that a finite
electric field always admits stringy worldsheet instantons
for any separation of two end points of the string. One
can also check, for example in (35), that these contribu-
tions disappear in a static limit χ → 0, conforming to
the perturbative supergravity exchange regime, thanks
to the occurence of an essential singularity.
Although our results are based on general features of
holographic models with confinement, it is nonetheless
useful to have a reference model, expecially when we dis-
cuss the regime of validity of our approximations. We
will consider the double Wick-rotated non-extremal D4-
brane geometry by Witten [18]. This holographic QCD
with D4 branes offers a nonperturbative framework for
discussing Wilson loops in the double limit of large num-
ber of colors Nc and t’ Hooft coupling λ = g
2Nc. The
effective string tension at the IR end point is given by
σT =
2
27piM
2
KKλ (or α
′ = 1/2piσT ), although the expres-
sion is model-dependent and not essential for our pur-
poses.
The outline of the paper is as follows: in section II we
set the definitions for the eikonalized dipole-dipole scat-
tering amplitudes in the impact parameter space repre-
sentation, and review their analysis in Euclidean pertur-
bation theory. In section III we compute the string am-
plitude of t-channel closed string exchange between the
two dipole Wilson loops in holographic QCD, based on
a few reasonable assumptions. The Wilson-loop correla-
tion function is shown to pick up a real part (correspond-
ing to inelasticity) from the pole contributions generated
by the rapidity twisting of the bosonic zero modes. We
then identify these contributions with the semi-classical
worldsheet instantons in the Schwinger mechanism in the
T-dual picture, where the electric field is induced by the
relative rapidity. We also argue that not all contributions
from multiple k > 1 windings are physical due to a dif-
ference between real D0 brane and our Wilson loops, and
one necessarily needs to truncate the sum up to k = kmax
depending on the representation of the Wilson loops: for
the fundamental representation, kmax = 1. We discuss a
related interesting issue of N -ality and k-strings in our
picture. In section IV, we obtain our elastic dipole-dipole
scattering amplitude from soft Pomeron exchange in the
momentum space, and discuss the phenomenology of our
results. The parallel between our Pomeron and the em-
pirical soft Pomeron advocated by Donnachie ans Land-
shoff are detailed in section V. In section VI, we exam-
ine the validity regime of our assumptions taken in the
computation. We then show in section VII that the to-
tal cross section from the eikonal exponentiation of our
results obeys the Froissart unitarity bound. Our conclu-
sions are in section VIII.
II. PERTURBATION THEORY
We consider an elastic dipole-dipole scattering
D1 (p1) +D2 (p2)→ D1 (k1) +D2 (k2) , (2)
with a dipole size a, and s = (p1+p2)
2, t = (p1−k1)2, s+
t+u = 4m2. The color and spin of the incoming/outgoing
quarks inside the dipoles are traced over.
In Euclidean signature, the kinematics is fixed by not-
ing that the Lorentz contraction factor translates to
coshχ =
s
2m2
− 1→ cos θ , (3)
where θ is the Euclidean angle between the two
high energy trajectories in the longitudinal space and
cosh(χ/2) = γ = (1 − v2)−1/2 in the center of mass
frame. Scattering at high-energy in Minkowski geom-
etry follows from analytically continuing θ → −iχ in
the regime χ ≈ log (s/2m2)  1 [26]. It is convenient
to consider the trajectories in the impact space repre-
sentation as p1/m = (cos(θ/2) ,−sin(θ/2), 0⊥), p2/m =
(cos(θ/2) , sin(θ/2), 0⊥), q = (0, 0, q⊥) and b = (0, 0, b⊥),
where q is the t-channel momentum (t = −q2⊥ < 0) and
b is the impact parameter. (The first two coordinates
are longitudinal space and the ⊥ collectively means the
transverse two dimensional impact parameter space).
Using the eikonal approximation, LSZ reduction and
the analytic continuation discussed above, the dipole-
dipole scattering amplitude T in Euclidean space takes
the following form [3]
1
−2isT (θ, q) ≈
∫
d2b eiq⊥·b
×
〈
(W(−θ/2,−b/2)− 1) (W(θ/2, b/2, )− 1)
〉
=
∫
d2b eiq⊥·b
〈
W(−θ/2,−b/2)W(θ/2, b/2)− 1
〉
(4)
where
W(θ, b) =
1
Nc
Tr
(
Pcexp
(
ig
∫
Cθ
dτ A(x) · v
))
(5)
is the normalized Wilson loop for a dipole, 〈W〉 ≡ 1.
In Euclidean geometry Cθ is a closed rectangular loop of
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FIG. 1: Dipole-dipole scattering configuration in Euclidean
space. The dipoles have size a and are b apart. The dipoles
are tilted by ±θ/2 (Euclidean rapidity) in the longitudinal
x0xL plane.
width a that is slopped at an angle θ with respect to the
vertical imaginary time direction (see FIG. 1). The two
dimensional integral in (4) is over the impact parameter
b with t = −q2⊥, and the averaging is over the gauge
configurations using the QCD action.
In (4-5), the dipole sizes are fixed ; as such T is their
scattering amplitude. In [3], this amplitude is folded
with the target/projectile dipole distributions to generate
the pertinent hadron-hadron scattering amplitude. We
note their size a is generic for either longitudinal (aL) or
transverse (aT ) dipole size. In general, the dipole-dipole
scattering amplitude depends on the orientation of the
dipoles. We expect the amplitude to be of the form:
a2 → a2T + a2L/sin2(θ/2) (6)
After analytic continuation to Minkowski space, the lon-
gitudinal orientation is suppressed by a power of 1/s
which is just the Lorentz contraction factor. Throughout,
a2 will refer to a2T as the longitudinal dipole orientation
is suppressed at large s.
We will assume that the impact parameter b is large
in comparison to the typical time characteristic of the
Coulomb interaction inside the dipole, i.e. b  τ0 ≈
a/g2. As a result the dipoles are color neutral, and the
amplitude in perturbation theory is dominated by 2 gluon
exchange. Thus [8]
T (θ, b) ≈ N
2
c − 1
N2c
(ga)4
32pi2
cotan2 θ
b4
, (7)
for two identical dipoles of size a with polarizations along
the impact parameter b. The analytic continuation shows
that cotan θ → 1, leading to a finite total cross section.
We note that T ∼ (a/b)4λ/N2c , and thus subleading at
large Nc.
III. HOLOGRAPHIC COMPUTATION AND
THE SCHWINGER MECHANISM
In this section, diffractive dipole-dipole scattering in
holographic QCD will be pursued through closed string
exchanges between the two dipole Wilson loops. Instead
of working in the semi-classical approximation as origi-
nally proposed in [13–16] and dictated by the tenets of
holography, in the present approach we will attempt to
compute a full string partition function with reasonable
approximations. As a consequence some of our results in-
clude subleading α′-corrections such as the intercept, al-
though the main focus of our discussion is on the leading
large λ contributions dominated by semi-classical world-
sheets. Our motivation is to identify these contributions
via a more rigorous computation compared to the vari-
ational approaches taken in [14–16], resolving some of
the issues related to the multibranch structures in them.
Also, our computation will give us more physicsal insight
on the nature of these semi-classical worldsheets in terms
of a stringy version of the Schwinger mechanism with an
electric field induced by the probes relative rapidity.
For small dipoles and large impact parameter b, we
assume that most of the string worldsheet stays at the
IR end point, so that we have effectively a flat-space with
an effective string tension neglecting fluctuations along
the holographic direction. This approximation is based
on the generic form of the confining metric
ds2 =
dz2
z2f(z)
+
dx · dx
z2
+ · · · , (8)
where dx · dx is the 4 dimensional flat metric and · · ·
stands for an extra compact space depending on a par-
ticular string theory compactification which is not im-
portant for our argument. For confinement, the func-
tion f(z) has a zero at some finite z = z0 in the holo-
graphic direction. In order to minimize its area, the
string worldsheet connecting the dipoles that are placed
on the boundary z = 0 and separated by a large im-
pact parameter b, rapidly falls down to the IR end-point
z = z0. At the horizon where the string lives, the string
area is measured in units set by the effective string ten-
sion σT ≡ 12piα′ = 12pil2s
1
z20
. For example, for Witten’s [18]
confining metric we have σT =
2
27piM
2
KKλ. In fact, this
flat-space approximation is valid only in the regime of
the soft Pomeron where (−t) ≤ M2KK [19], and this will
be assumed throughout our paper.
Also, we will neglect the fermionic degrees of freedom
on the string worldsheet, which is a deviating point from
the analysis in[19]. This is a question of worldsheet one-
loop determinant corrections to the leading semi-classical
string partition function. It is motivated by the results
in [27] for the standard Wilson loop, where it was shown
that for the static Wilson loop (θ = 0), the worldsheet
one-loop contribution to the quark-antiquark Wilson loop
is dominated by massless bosonic degrees of freedom giv-
ing a Lu¨scher-type contribution, whereby the bosonic
5(a) (b)
FIG. 2: (a) Closed string exchange as a funnel contribution
(b) Approximation similar to D0 brane scattering with subtle
differences explained in the text. The coordinates are the
same as in FIG. 1.
mode along holographic direction and all worldsheet the
fermionic modes become massive and give only subdom-
inant contributions. In section VI, a more precise condi-
tion for this to be valid in our case will be presented, espe-
cially in comparison to the “locality” assumption in [19]
which breaks down for sufficiently large χ = ln s. Based
on these approximations, our problem effectively reduces
to the one in the flat space bosonic string theory. How-
ever, when we discuss dipoles of higher representations
at the end of the section, the nature of gauge/gravity
correspondence of holographic QCD will be important.
The Euclidean connected dipole Wilson loops correla-
tor
WW =
〈
W(−θ/2,−b/2)W(θ/2, b/2)− 1
〉
(9)
appearing in (4) gets the leading large Nc contribution
from the exchange of one closed string as in FIG. 2(a):
the closed string makes a funnel connecting the two
dipole Wilson loops. Note that the funnel has been
proposed long time ago as the geometry underlying the
Pomeron exchange within the framework of the “topolog-
ical expansion” [28]. We would like to compute the string
partition function summing over all possible fluctuations
within the same topology. This problem is different from
the closed string exchange between D-branes in a number
of ways:
1. In our case of funnels, the area inside the funnel is
empty so that the string action is reduced by that
amount, whereas for the D-brane case, there is no
such effect.
2. In the D-brane case, multi-winding of the cylinder
topology is allowed without further large Nc sup-
pression, while it is not in the case of emission from
a string worldsheet. To have multi-winding, the
string genus has to increase leading to further 1N2c
suppression. This point will be relevant later when
we discuss the truncation of the multi-winding con-
tributions and the dipoles of higher representations.
As this is a difficult problem in string theory due to
a finite dipole size a, we necessarily have to make rea-
sonable approximations that would allow us to proceed
while still giving us all essential features of the expected
result. For a small dipole size a, the two boundaries of
the funnel will be highly pinched along the dipole di-
rection, so that they effectively lie on two straight lines
aligned along the direction of the Wilson loop trajecto-
ries as depicted in FIG. 2(b). This leads to a reason-
able approximation of treating these boundaries strictly
sitting on two straight lines inside the two dipole Wil-
son loops, and the string partition function over these
restricted configurations can be computed in a similar
manner as in the case of D0 brane scattering. After that,
the locations of the two boundary lines inside each dipole
will be integrated over with a measure naturally obtained
from the Polyakov string action, which gives us the final
amplitude with dependency on the dipole size a. As our
final result contains all the expected behaviors of Regge
trajectory and the intercept, the subset of full configu-
rations that we have chosen seems to be large enough to
contain all essential configurations relevant in the Regge
regime.
As discussed before, there are differences between the
real D0 brane scattering amplitude and the amplitude we
would like to compute. The first point in regard to the
area reduction inside the funnels is fine in our approxima-
tion because the D0 brane cannot have a non-zero area
anyway. However, the second point is relevant and we
have to discard all higher winding contributions in our
final result as they are artifacts of D0 brane and are not
the allowed configurations in our original problem. They
will be relevant for scattering of dipoles in higher color
representations.
With these in mind, the Euclidean correlator as a
string partition function of one closed string exchange
is given by
WW = g2s
∫ ∞
0
dT
2T
K(T ) , (10)
where
K(T ) =
∫
T
d[x] e−S[x]+ghosts , (11)
is the string partition function on the cylinder topology
with modulus T (T is the circumference of cylinder when
its length is normalized to 1) with suitable boundary con-
ditions that we just discussed above, and the Polyakov
string action is
S =
σT
2
∫ T
0
dτ
∫ 1
0
dσ
(
x˙µx˙µ + x
′µx′µ
)
, (12)
in a conformal gauge hab = δab for the worldsheet met-
ric. The ghosts contributions follow from the diagonal
6gauge-fixing of the metric, and for the bosonic string it
amounts to two longitudinal ghosts. The dot refers to
∂τ and the prime refers to ∂σ. The measure
dT
2T is the
well-known measure of conformal classes of worldsheet
metrics on the cylinder, and the factor g2s is due to the
relative genus in comparison to the unconnected Wilson
loops. For Witten’s geometry, gs at the IR end point is
gs =
λ
3
2
pi3
3
2Nc
, (13)
whose precise form is model-dependent, but the 1/Nc
suppression is universal.
The integration in (11) is over periodic configurations
xµ(T, σ) = xµ(0, σ) ,
that stretch between the twisted dipole surfaces in Eu-
clidean space as shown in FIG. 2(b), with
cos(θ/2)x1(τ, 0) + sin(θ/2)x0(τ, 0) = 0 ,
cos(θ/2)x1(τ, 1)− sin(θ/2)x0(τ, 1) = 0 . (14)
Here, we take the origin in the logitudinal space as the
intersection point of the two trajectories at σ = 0, 1 pro-
jected to the longitudinal space. As we shift the loca-
tions of these two trajectories along the dipole separa-
tion width a, the intersection point will move, but the
relative geometry of the two trajectories is the same, and
it is easily seen that the amplitude does not depend on
these shifts. Therefore, integrating over the dipole size a
will simply give us a2 from the two dipoles, up to some
unknown constant measure factor that we will discuss
later. Note that this a2 dependence is a consequence
of our approximation of the pinched boundaries for the
closed string funnels, but it will be shown to be more
general by the fact that the relevant worldsheet instan-
tons have a small width of order b/χ ∼ √α′/χ so that
it is justified as long as
√
α′/χ  a for a large χ. Our
result is reminiscent of the dipole parametrization [24] of
the deep-inelastic cross section.
The twisted boundary conditions (14) are readily im-
plemented through(
x0
x1
)
=
(
cos(θσ/2) −sin(θσ/2)
sin(θσ/2) cos(θσ/2)
)(
x˜0
x˜1
)
, (15)
with θσ = θ(2σ−1), and the ordinary Neumann (Dirich-
let) boundary condition for x˜0 (x˜1). The longitudinal x
coordinates follow from the x˜ coordinates by a local ro-
tation on the world-sheet, which implements successive
boost transformations on the world-sheet. (15) is a ruled
transformation at the origin of the helicoidal geometry.
The above transformation is useful because the string
fluctuation modes become purely quadratic in terms of
the x˜ coordinates. The Jacobian of this transformation
is 1.
A. Mode Decomposition
The untwisted coordinates x˜0,1 satisfy both the peri-
odic and usual Neumann/Dirichlet boundary conditions
on the dipole surfaces. The quadratic action in (11) is
easily diagonalized using
x˜0(τ, σ) =
+∞∑
m=−∞
+∞∑
n=0
x0mn e
i2pimτ/T cos(pinσ) ,
x˜1(τ, σ) =
+∞∑
m=−∞
+∞∑
n=1
x1mn e
i2pimτ/T sin(pinσ) , (16)
which shows how two parallel dipoles with θ = 0 (po-
tential problem) get to the twisted dipoles with θ 6= 0
(scattering problem). A similar mode decomposition for
the potential problem using the Nambu-Goto string was
originally discussed in [29]. The transverse coordinates
are untwisted with x⊥ = x˜⊥. They obey both the pe-
riodic and Dirichlet boundary conditions. Their mode
decomposition is
x˜⊥(τ, σ) = −b⊥(1− 2σ)/2
+
+∞∑
m=−∞
+∞∑
n=1
x⊥mn e
i2pimτ/T sin(pinσ) , (17)
with the impact parameter b⊥ being two dimensional.
Note that the total x⊥ is eight dimensional.
We note that x˜0 includes zero modes which are con-
stant over the σ coordinate,
x˜0ZM (τ, σ) ≡
+∞∑
m=−∞
ei2pimτ/Tx0m0 . (18)
They induce the zero modes in the original coordinates
as (
x0
x1
)
ZM
=
(
cos(θσ/2) −sin(θσ/2)
sin(θσ/2) cos(θσ/2)
)(
x˜0
0
)
ZM
, (19)
which is a periodic form of the helicoidal surface. We now
use the mode decompositions (16) and (17) to compute
the string propagator (11).
B. K(T )
Since the Polyakov action is quadratic with the above
mode expansions on the world-sheet, it can be factored
out into its basic contributors,
K = KOL ×KØL ×Kghost ×K⊥ , (20)
where KOL, KØL represent the longitudinal zero and
non-zero mode contributions respectively. K⊥ is the
transverse mode contribution, and Kghost is the extra
ghost contribution required by the covariant gauge fix-
ing. Below we will provide a detailed description of the
7calculation of K⊥ using standard zeta function regular-
ization. The other contributions follow similarly, and will
only be quoted as final results.
The transverse mode decomposition (17) once inserted
in (12) yields products of Gaussian integrals for the trans-
verse modes
K⊥(T ) = e−σT b
2T/2
+∞∏
n=1
+∞∏
m=−∞
∫ ∞
−∞
dx⊥mn
× exp
(
−σT pi
2
4
(
4m2
T
+ n2T
)
x⊥
2
mn
)
= e−σT b
2T/2
+∞∏
n=1
+∞∏
m=−∞
×
(σT pi
4T
(4m2 + n2T 2)
)−D⊥/2
. (21)
The infinite products in (21) can be evaluated by using
zeta function regularization technique. Indeed, the infi-
nite product of a constant can be written as
+∞∏
n=1
c = eln c
∑∞
n=1 1 = eζ(0) ln c = c−1/2 , (22)
where ζ(s) =
∑∞
n=1 n
−s is the Riemann zeta function.
In particular this leads to
+∞∏
n=−∞
c = 1 , (23)
since the zero mode and non-zero mode contributions
cancel. Similarly from analytic continuations ζ ′(0) =
−1/2 ln(2pi) and ζ(−1) = 1/12 we get
+∞∏
n=1
n =
√
2pi ,
+∞∏
n=1
e−an = ea/12 . (24)
Finally by using the product formula for sinh
sinh(pi x) = pi x
+∞∏
n=1
(
1 +
x2
n2
)
, (25)
the transverse contribution K⊥ can be put into the form,
K⊥(T ) = e−σT b
2T/2
+∞∏
n=1
(2 sinh(npiT/2))
−D⊥ , (26)
and the second identity in (24) can be used to express
K⊥(T ) in the standard form
K⊥(T ) = e−σT b
2T/2η−D⊥(iT/2) , (27)
where η is the Dedekind eta function,
η(τ) ≡ q1/24
+∞∏
n=1
(1− qn) , q = e2ipiτ . (28)
The longitudinal mode contribution to the string prop-
agator follows similarly by inserting (16) in the Polyakov
action (12) and carrying out the Gaussian integration.
This contribution can be separated into the zero mode
contribution as given by (18) and the non-zero mode lon-
gitudinal contribution. Specifically, the longitudinal zero
mode part contributes
KOL(T ) =
+∞∏
m=−∞
(
4pi2m2
T
+ θ2T
)−1/2
=
1
2 sinh(θT/2)
, (29)
while the longitudinal non-zero mode part contributes
KØL(T ) =
+∞∏
m=−∞
+∞∏
n=1
∏
s=±
×
(
4m2
T
+
(
n+
sθ
pi
)2
T
)−1/2
=
+∞∏
n=1
∏
s=±
1
2 sinh
(
(n+ s θpi )
piT
2
) . (30)
Notice that for the longitudinal modes, θ/pi plays the role
of a Bohm-Aharonov phase that modifies the azimuthal
quantum number n. This observation shows that the
sloping or twisting of the Wilson lines in Euclidean space
is dual to an ”electric/magnetic” field in the longitudinal
directions (electric and magnetic fields are indistinguish-
able in Euclidean space). It is this longitudinal electric
field that is at the origin of the Schwinger mechanism. A
more direct way of seeing the Schwinger mechanism via
worldsheet T-duality and its worldsheet instantons will
be explained shortly.
The ghost contribution tags to the two longitudinal
non-zero mode contributions and is unaffected by the
twist. Its contribution to (20) is
Kghost(T ) =
+∞∏
m=−∞
+∞∏
n=1
(
4m2
T
+ n2T
)+1
=
+∞∏
n=1
4 sinh2(npiT/2) . (31)
Combining all the terms (27-31) in (20) leads to the full
periodic propagator
K(T ) =
a2/α′
2 sinh(θT/2)
×
+∞∏
n=1
∏
s=±
sinh (pinT/2)
sinh(pi(n+ sθ/pi)T/2)
×e−σT b2T/2η−D⊥(iT/2) , (32)
where we include the factor a2 from integrating over the
dipole width a. The first contribution in (32) stems
8from the longitudinal zero modes, the second contribu-
tion is from the longitudinal non-zero modes including
the ghost fields, and the final contribution arises from
the D⊥ transverse modes.
By dimensional reasoning, there must be a 1/α′ mul-
tiplying a2 which should come from the integration mea-
sure. The overall unknown numeric constant of this mea-
sure can be reabsorbed into our definition of the dipole
parameter a.
C. WW
The contribution of (32) to the elastic dipole-dipole
amplitude at fixed impact parameter follows from insert-
ing it into (9). For small dipoles for which our approxi-
mations are justified, WW takes the form
WW = g2s
∫ ∞
0
dT
2T
K(T ) , (33)
which shows that the elastic amplitude vanishes as the
dipole size a → 0. The phenomenological relevance of
(33) to deep-inelastic scattering including the possible
connection to the saturation phenomena will be discussed
elsewhere.
Using (32) after the analytic continuation to
Minkowski space θ → −iχ gives
WW =
ig2sa
2
4α′
∫ ∞
0
dT
T
1
sin(χT/2)
×
+∞∏
n=1
∏
s=±
sinh(pinT/2)
sinh(pi(n+ isχ/pi)T/2)
×e−b2T/4piα′η−D⊥(iT/2) . (34)
The zero mode contribution in (34) developes poles along
the real T-axis for sin(χT/2) = 0 or T = 2kpi/χ. Feyn-
man prescriptions for the elastic scattering amplitude re-
quires deforming the contour above the negative poles
and below the positive poles. For χ → ∞, the contribu-
tion at the poles is purely real
WWpoles =
g2sa
2
4α′
∞∑
k=1
(−1)k
k
η−D⊥(ikpi/χ)
×e−kb2/2χα′ , (35)
which gives the inelasticity that we are interested in. We
note that (35) displays an essential singularity as χ→ 0,
which is a hallmark of tunneling. This is related to the
fact that they are generated through worldsheet instan-
tons via the Schwinger mechanism as we detail below.
Since we are interested in the χ→∞ limit, the above
expression, which is written in the open string viewpoint,
is not suitable to correctly identify the limit, and one
needs to transform it to a closed string viewpoint by us-
ing the modular relation of the Dedekind eta function,
η(i x) = η(i/x)/
√
x [30]. We have
η−D⊥(ikpi/χ) =
(
kpi
χ
)D⊥/2
eD⊥χ/12k
×
+∞∏
n=1
(
1− e−2χn/k
)−D⊥
. (36)
Also
+∞∏
n=1
(
1− e−2χn/k
)−D⊥
=
∞∑
n=0
d(n) e−2χn/k , (37)
exhibits a harmonic spectrum. It is the generating func-
tion of the bosonic string level density. Asymptoti-
cally [31]
d(n) ≈ e
2pi
√
D⊥ n/6
nD⊥/4
. (38)
The exponentially rising density (38) is a hallmark of
string excitations. We note that d(0) = 1.
D. Schwinger mechanism
In this section, we will provide a physical understand-
ing of the non-perturbative contributions in the exponent
of (35), that is the terms exp(−kb2/2χα′) which drive the
Regge behavior in momentum space for (−t) > 0 as we
will see in section IV. Recall that the k’th contribution
comes from the pole at T = Tk = 2pik/χ, which will be
important later. The nature of these contributions indi-
cates that they should arise from semi-classical world-
sheet instantons. These world-sheet instantons bear
some similarities to the instantons/sphalerons advocated
in [8, 10] to play an important role in diffractive scatter-
ing.
We will shed more light on this by showing that upon
worldsheet T-duality these worldsheet instantons map
to a stringy version of well-known instantons in the
Schwinger mechanism of pair creation under external
electric field, where in our case the electric fields act-
ing on the end points of the open string is triggered by
the relative rapidity of the probes via T-duality. We will
find the analytic solutions for these worldsheet instantons
in the stringy Schwinger mechanism, and show that the
k’th contribution arises from a k-wrapping worldsheet
instanton solution, much like point particles. Moreover,
we will show that these tunneling configurations last a
time T = Tk = 2pik/χ and carry an on-shell action
Sk = kb
2/2χα′.
We start from our assumption that the two boundaries
of the cylinder worldsheet sit on the straight lines with
rapidity angles χ/2 and −χ/2 for σ = 0, 1 respectively.
These are effectively the same boundary conditions as in
the D0 brane scattering set up. At σ = 0 (the analysis
for σ = 1 will be similar and we will simply present the
9final result later) the boundary condition can be written
explicitly as
cosh(χ/2)∂σx
0 + sinh(χ/2)∂σx
1 = 0 ,
sinh(χ/2)∂τx
0 + cosh(χ/2)∂τx
1 = 0 . (39)
We then invoke a worldsheet T-duality along the direc-
tion x1,
∂τx
1 = ∂σy
1 , ∂σx
1 = ∂τy
1 , (40)
to have a dual description in terms of y1. Note that the
worldsheet instantons we will present shortly are in the
zero winding/momentum sector, so that the compactifi-
cation of the x1 direction and its radius transformation in
T-duality is not relevant for our purposes. This is a tech-
nical tool to find the worldsheet instantons in the original
problem. The boundary condition (39) then becomes
cosh(χ/2)∂σx
0 + sinh(χ/2)∂τy
1 = 0 ,
sinh(χ/2)∂τx
0 + cosh(χ/2)∂σy
1 = 0 , (41)
which is easily shown to be equivalent to putting a bound-
ary term to the Polyakov action,
S =
σT
2
∫
dτ
∫
dσ
(−(∂x0)2 + (∂y1)2 + (∂x⊥)2)
+
E
2
∫
dτ
(
y1∂τx
0 − x0∂τy1
) ∣∣∣∣
σ=0,1
, (42)
with
E = σT tanh(χ/2) , (43)
being an electric field along the y1 direction, F10 = E.
This aspect is a well-known feature of T-duality in D-
brane physics. Note that the electric field acts on the
two end points of the open strings stretching between the
two dipoles. The signs of the electric fields on both ends
are opposite due to the opposite direction of motions of
the two dipoles, but the two end points of a string carry
opposite charges, so that there is a net acceleration. This
explains the existence of a Schwinger mechanism of pair
creation of strings in high energy collisions.
To find the worldsheet instantons of this stringy ver-
sion of the Schwinger mechanism, we proceed to the Eu-
clidean description with an action
SE = =
σT
2
∫ T
0
dτ
∫ 1
0
dσ
(
(∂x0)2 + (∂y1)2 + (∂x⊥)2
)
+
E
2
∫ T
0
dτ
(
y1∂τx
0 − x0∂τy1
) ∣∣∣∣
σ=0,1
=
σT
2
(
IσT +
Iu
T
)
+
E
2
∫ 1
0
du
(
y1∂ux
0 − x0∂uy1
) ∣∣∣∣
σ=0,1
, (44)
where we have changed the variable τ ≡ Tu, and Iσ,u are
defined by
Iσ ≡
∫ 1
0
dσ
∫ 1
0
du
(
(∂σx
0)2 + (∂σy
1)2 + (∂σx
⊥)2
)
,
Iu ≡
∫ 1
0
dσ
∫ 1
0
du
(
(∂τx
0)2 + (∂τy
1)2 + (∂τx
⊥)2
)
.
(45)
We have to find saddle the points of the action (44) with
respect to both the T -integral and the worldsheet fields
(x0, y1, x⊥), based on the largeness of σT ∼ E ∼ λ.
A similar problem was solved in [32], and we follow
the same steps to find the explicit solutions. The T -
dependence is algebraic, and it is easy to find its saddle
point as
T =
√
Iu/Iσ . (46)
Inserting this back into (44) gives
SE = σT
√
IuIσ +
E
2
∫ 1
0
du
(
y1∂ux
0 − x0∂uy1
) ∣∣∣∣
σ=0,1
,
(47)
whose equations of motion are
∂2σ(x
0, y1, x⊥) +
Iσ
Iu
∂2u(x
0, y1, x⊥) = 0 , (48)
with the boundary conditions√
Iu
Iσ
∂σ(x
0, y1)± (−1)σ E
σT
∂u(y
1, x0)
∣∣∣∣
σ=0,1
= 0 . (49)
The Dirichlet boundary condition for x⊥ fixes its solu-
tion as x⊥ = bσ, and for (x0, y1) we write a k-wrapping
Ansatz as
x0 = R(σ) cos(2piku) , y1 = R(σ) sin(2piku) , (50)
with a σ-dependent radius function R(σ) to be deter-
mined. With (50), we have
Iu = (2pik)
2
∫ 1
0
dσ (R(σ))2 , Iσ = b
2 +
∫ 1
0
dσ(R′(σ))2 ,
(51)
and the equation of motion for R(σ) is
R′′(σ)− (2pik)2 Iσ
Iu
R(σ) = 0 , (52)
with the boundary condition√
Iu
Iσ
R′(σ) + (−1)σ 2pikE
σT
R(σ)
∣∣∣∣
σ=0,1
= 0 . (53)
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The unique consistent solution of (51), (52), and (53) is
possible only for k > 0, and is given by
R(σ) =
b
2arctanh(E/σT )
cosh (arctanh(E/σT ) (2σ − 1)) ,
=
b
χ
cosh (χ (σ − 1/2)) , (54)
with √
Iu
Iσ
=
2pik
2arctanh(E/σT )
= 2pik/χ , (55)
where we have used (43), E = σT tanh(χ/2). From (46)
we see that this corresponds to T = 2pik/χ confirming
our expectation. The value of the on-shell action SE in
(44) is also easily computed as
SE = σT (2pik)
b2
2χ
=
kb2
2χα′
= Sk , (56)
which precisely agrees with the negative of the exponent
in exp(−kb2/2χα′). These are convincing evidences that
the Regge behavior of soft Pomeron exchange is indeed
driven by a Schwinger mechanism of pair creating strings,
where the effective electric fields are induced by the ra-
pidity of the projectiles.
The circular motion of the string instanton on the
Euclidean longitudinal plane with the σ-dependent ra-
dius R(σ) becomes an accelerating hyperbolic motion in
Minkowski spacetime. The resulting σ-dependent accel-
eration a(σ) is
a(σ) = 1/R(σ) =
χ
b
1
cosh (χ (σ − 1/2)) , (57)
which has a maximum at the center of the string, σ =
1/2. Due to this acceleration, the string feels a σ-
dependent Unruh temperature,
T (σ) =
a(σ)
2pi
=
χ
2pib
1
cosh (χ (σ − 1/2)) , (58)
with a maximum Tm =
χ
2pib at the center. The tem-
perature quickly drops to a small value around the two
end points. The existence of this finite temperature may
naturally explain the diffusion-like phenomena noted in
Pomeron physics, the details of which will be discussed
elsewhere.
It is very interesting to compare the Unruh temper-
ature T (σ) with the Hagedorn temperature TH and/or
deconfinement transition temperature TD which charac-
terize the transition temperature to a plasma phase. The
effective Hagedorn temperature is given by
TH =
√
3
2pi2D⊥α′
=
√
3σT
piD⊥
=
√
2
3pi
√
λ
D⊥
MKK , (59)
where the last expression is for the Witten’s geometry.
The deconfinement temperature of the same model is
T>TD
FIG. 3: In the middle of the transverse string worldsheet,
there exists a micro-fireball with an effective Unruh temper-
ature that exceeds the deconfinement temperature.
TD =
MKK
2pi [33], thus TH ≥ TD at strong coupling. In
section IV where we go to the momentum space Regge
behavior, we will see that the dominant contribution in
the b-integral for a fixed
√−t comes from a region where
b ∼ min
(√
2χα′,
1√−t
)
, (60)
so that we have two different cases:
1. When
√−t ≤MKK
√
2λ/27χ, we have b ∼ √2χα′,
so Tm ≥ TD, i.e. the middle region of the string
feels a temperature greater than the deconfinement
temperature when
χ ≥ 27
2λ
. (61)
2. In the other case of
√−t ≥ MKK
√
2λ/27χ, we
have b ∼ 1/√−t, and Tm ≥ TD when
χ ≥MKK/
√−t . (62)
Note that our soft Pomeron picture is valid when
√−t ≤
MKK , so that χ ≥ O(1) can easily satisfy both (61) and
(62).
To summarize, in the middle of the created string there
is a small region where the temperature is higher than
the deconfinement temperature and the string descrip-
tion should be replaced by a plasma phase. As the tem-
perature quickly drops away from the center, the plasma
size is small: we call it “micro-fireball”. See FIG. 3. A
simple computation gives its transverse size ∆x⊥ = b∆σ
as
∆x⊥ ∼
√
27/2λχM−1KK ln
(
8λχ
27
)
, (63)
for the case 1, and
∆x⊥ ∼ 2
χ
√−t ln
(
2χ
√−t) , (64)
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for the case 2. For large χ→∞, both become small.
This is an important observation. The existence of a
micro-fireball from a single soft Pomeron exchange can
naturally explain the observed apparent thermal nature
of multiparticle production in high energy collisions. The
Unruh radiation in QCD was previously argued to be re-
sponsible for the apparent thermalization in Refs. [34–
37]. This phenomenon may also give a new insight on the
origin of the diffusion-like behavior in the impact param-
eter space (“Gribov diffusion”) and in the transverse mo-
mentum space. The micro-fireball is a consequence of the
non-perturbative aspects of QCD with soft Pomerons,
which is not clearly seen in the regime of perturbative
QCD.
This point can be made more transparent after insert-
ing (36-38) into (35), leading
WWpoles =
g2sa
2
4α′
∞∑
k=1
∞∑
n=0
(−1)k
k
(
kpi
χ
)D⊥/2
×d(n)e−kb2/2χα′+D⊥χ/12k−2χn/k . (65)
and noting that
K(χ, b) =
(
k
2piα′ χ
)D⊥/2
e−kb
2/2χα′ , (66)
is the normalized diffusion propagator in D⊥ dimensions,
∂χK(χ, b) = D∇2⊥K(χ, b) . (67)
The diffusion constant in rapidity space is D = α′/2k.
For long strings, the diffusion propagator (66) emerges
as the natural version of the periodic string propagator
in (10-11) in the diffusive regime b ∼ √χα′.
E. Truncation of the k-sum and dipoles of higher
representations
Since (65) is ultimatly tied with the total cross section
in impact parameter space as in (93) below, it behooves
us to interpret the appearance of the (−1)k in the k-ality
sum. Schematically, the sum can be written as∑
k=1,3,5,..
e−Sk −
∑
k=2,4,6,..
e−Sk . (68)
So the odd k-ality sum yields instantons, while the even
k-ality sum yields antinstantons. Indeed, the instantons
produce pair of close strings by tunneling forward while
the antinstantons annihilate pair of close strings by tun-
neling backward. This back-and-forth process is allowed
because there is no constaint on the bosonic pair cre-
ation process in the Schwinger mechanism. This is not
true for the fermionic pair creation process. Incidentally,
this back-and-forth process reminiscent of instanton-anti-
instanton dynamics may be the world-sheet analogue
of the sphaleron mechanism suggested in [8]. Indeed,
σkmax -k σk
σkmax
FIG. 4: If the dipoles belong to a representation with central
charge kmax, then they can exchange strings with k-ality k ≤
kmax. Charge conservation dictates that the part of the string
worldsheet inside the dipole has k-ality kmax − k.
standard instantons contribute e−Sk to the tunneling
amplitude and e−2Sk to the probability, prompting us
to rewrite the exponents in (68) as
√
e−2Sk which is a
sphaleron probability.
It is clear that the k’th contribution comes from the
semi-classical worldsheet which wraps the k = 1 config-
uration k times. Although these multi-winding contri-
butions are perfectly fine in the case of a real D0 brane
scattering, they are in fact not allowed topologically in
our case of closed string emission/absorption from the
string worldsheets of two dipole Wilson loops. To un-
derstand this we note that we are originally summing
over funnels, and having multiple funnels on top of each
other changes the genus of the total string worldsheet,
which entails further 1N2c
suppressions. This means that
only the k = 1 contribution in (65) is physical while
higher winding k > 1 contributions are artifacts of our
D0 brane analogue. It is interesting that a similar kind of
ambiguity appeared in the variational approach in [14–
16], where one gets similar k > 1 contributions from the
multibranch structure of the minimized Nambu-Goto ac-
tion. Our discussion indicates that these multibranch
contributions arise from worldsheet configurations that
are prohibited by topology without further 1N2c
suppres-
sion, and hence should be discarded at large Nc.
Although the above conclusion is true for the Wil-
son loops in the fundamental representation, the situ-
ation can change if one considers dipole Wilson loops of
higher representations. Intuitively it is clear that the
worldsheet that a Wilson loop of higher representation
bounds should be a composite object made of multiple
overlapping fundamental string worldsheets. When the
representation is constructed from a product of k fun-
damental representations, the corresponding worldsheet
that bounds the Wilson loop should be a composite ob-
ject made of k fundamental strings. When k  Nc,
the distinction between this object and the simple non-
interacting k fundamental strings is small, whereas for
k ∼ Nc the composite object is quite different from the
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simple sum of fundamental strings, and it is typically de-
scribed by D-branes wrapping appropriate cycles. For
example, in Witten’s geometry, the k-antisymmetrized
representation, corresponding to k-string, is described by
D4 brane wrapping the internal S3 ⊂ S4 cycle, whose
string tension features Casimir scaling [38]
σk = σT k(Nc − k)/(Nc − 1) , (69)
although the precise form of the string tension σk is
model-dependent [39].
On these composite worldsheets made of kmax funda-
mental strings, it is indeed possible to attach k multi-
winding worldsheets of fundamental strings up to k ≤
kmax. It is easy to understand this as in FIG. 4.
For example, if dipole the Wilson loops in the kmax-
antisymmetrized representation emit/absorb k multi-
wound strings, the interior of the funnel should be a
(kmax − k)-string worldsheet by string charge conserva-
tion. This gives an inequality k ≤ kmax. Therefore, in
the sum (65) one might keep the terms up to k ≤ kmax.
However, there are two subtleties regarding this. The
first one is the additional large Nc suppression as k be-
comes close to kmax. The way to count the Nc depen-
dence is the following. One can think of a kmax-string as
a simple sum of a kmax number of fundamental strings for
the purpose of large Nc counting. Assume that one fun-
damental string gets emitted from them. The emission
from a single string entails gs ∼ 1Nc , and there are kmax
possible ways to attach the emitted string, so this process
has kmaxNc factor as a coupling constant. For the two string
emission (corresponding to k = 2), one has kmax(kmax−1)2N2c
because a single string cannot emit two strings without a
large Nc suppression. For a general k, it is kmaxCk ·N−kc .
When kmax ∼ Nc, there is indeed no additional large
Nc suppression in the summation over k for small k, but
when k ∼ kmax it is clear that they are affected by an ad-
ditional large Nc suppression. Another subtlety is that
the k’th contribution in (65) contains the tension of k
number of strings as kσT , which can be seen in the first
term in the exponent of the second line. When k ∼ Nc
in the case of kmax ∼ Nc, this tension should be replaced
by the suitable k-string tension, for example (69). As
a result, one can really trust the k-sum in (65) only for
small k  Nc.
IV. HOLOGRAPHY: ELASTIC AMPLITUDE
The elastic dipole-dipole scattering amplitude follows
from (4) after inserting the pole contributions (65). Per-
forming the integration over transverse b yields
1
−2isT (s, t) ≈
pi2g2sa
2
2
kmax∑
k=1
∞∑
n=0
(−1)k
k
(
kpi
ln s
)D⊥/2−1
×d(n) s−2n/k+D⊥/12k+α′t/2k , (70)
with kmax depending on the representation. Although
the Gaussian b-integral is dominated by the imaginary
saddle point
b = iα′χ
√−t/k , (71)
in the real b-space it is clear that the dominant region is
b ∼ min
(√
2χα′/k,
1√−t
)
. (72)
All the n 6= 0 contributions from string vibrations are
suppressed by s−2n/k relative to n = 0 contributions at
large s. Thus
1
−2isT (s, t) ≈
pi2g2sa
2
2
kmax∑
k=1
(−1)k
k
(
kpi
ln s
)D⊥/2−1
sαPk(t)−1
(73)
where
αPk(t) = 1 +
D⊥
12k
+
α′
2k
t . (74)
Therefore we have multiple Pomeron-like trajectories of
αPk(t). One has αPk(t) > αP(k+1)(t) when
(−t) < D⊥
6α′
=
piD⊥σT
3
=
2D⊥
81
M2KKλ , (75)
which is always satisfied for the soft Pomeron regime,
so that the leading Pomeron trajectory for dipole-dipole
scattering follows from a closed string exchange with k =
1.
In [14, 16] a result similar to (74) was derived for quark-
quark scattering using a classical helicoidal surface ex-
change and then corrected by one-loop bosonic quantum
fluctuations. Our construction is physically transparent
as it details the physical nature of the mechanism, and
describes the produced states at the origin of the inelas-
ticity in dipole-dipole scattering. The produced states
are initially heavy extended strings of typical energy
EL ∼ bσT ∼ bM2KKλ that ultimately decay (in 1/Nc)
to lighter closed string glueballs of energy EG ∼MKKλ0
[40].
The Pomeron slope for dipole-dipole scattering is α′/2.
The contribution D⊥/12 in the intercept is the Lu¨scher-
type contribution [41] noted in [16], although it differs by
a factor of 1/8 from our result. Numerically, the leading
Pomeron parameters of (74) are
(αP1, α
′
P1) = (1.58, 0.45 GeV
−2) , (76)
for D⊥ = 7 and α′ = 0.9 GeV−2 from fit to heavy-
quarkonium data. They may be compared with the
values (αP, α
′
P) = (1.08, 0.25 GeV
−2) extracted exper-
imentally for the “soft” Pomeron. However, our treat-
ment assumes that the dipole size is small, so the ap-
propriate intercept to compare with is the one extracted
from diffractive scattering at larger values of Q2 where
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αP ' 1.3, see e.g. [42–44]. This is usually referred to
as the ”hard” Pomeron. Also, the value α′ = 0.9 GeV−2
from heavy-quarkonium data is model-dependent, and
we haven’t included the effect of flavor fermions in our
analysis. Another possibility is that the experimentally
observed “soft” Pomeron may be an effective description
of multiple Pomeron exchanges as a result of unitariza-
tion, as we discuss in section VII.
V. THE SOFT POMERON
The discrepancy in the intercept may be overall due
to the fact that in real QCD the number of transverse
fluctuations are effectively D⊥ = 2 and not D⊥ = 7 as
suggested by holographic QCD. Indeed, Lu¨scher [41] a
while ago argued that long QCD strings (relevant here
at large impact parameters) are described by an effective
string action of the scalar model with the least number
of transverse derivatives as the dominant universal con-
tribution. This scalar model is just the Polyakov action
with D⊥ = 2. As a result (73) simplifies to
1
−2isT4(s, t) ≈
pi2g2sa
2
2
kmax∑
k=1
(−1)k
k
s1/6k+α
′t/2k (77)
The leading Pomeron intercept is 1.16, closer to the ex-
perimental value.
The emerging (soft) Pomeron description of our
dipole-dipole analysis bears many similarities with the
Donnachie-Landshoff Pomeron [45] for k = 1, with
1
−2isTsoft(s, t) ≈ −(3βPF1(t))
2 (−isα′P)αP(t)−1 , (78)
and αP(t) = 1.08 + 0.25 t. The dipole form-factor
is normalized to F1(0) = 1. The soft Pomeron (78)
follows from a vector coupling to the proton through
−3iβPF1(t)γµ with a propagator (−isα′P)αP(t) whereby
αP is the Pomeron spin. From (73) and for k = 1, the
Pomeron-to-dipole vector coupling in holgraphy is just
βP =
pi
3
gs a
( pi
ln s
)D⊥/2−1
(79)
which is constant βP = pigs a/3 for the Lu¨scher scalar
string model with D⊥ = 2. Empirically, βP = 1.87/GeV.
In Minkowski geometry the dipole-dipole scattering
amplitude (4-5) involves light-like Wilson lines sloped
orthogonally on the light-cone and an important over-
all factor of s which we have carried throughout in our
analysis. This extra factor of s follows from the vector
character of the gluon interaction as sourced by the light-
like Wilson lines which is at the origin of the rewriting
of the S-matrix in terms of a WW-correlator after LSZ
reduction. This vector coupling is best seen in the ana-
logue reduction of the quark-quark scattering amplitude
by noting that
2s = 2
√
p3+p1+p4−p2− 1s1s3 1s2s4
≈ u(s3, p3)γµu(s1, p1)u(s4, p4)γµu(s2, p2) , (80)
for p1,3 +, p2,4− →∞. Also, we note that even though the
2s implies a C-odd coupling, the correlator or propagator
WW does not have a simple C-odd transformation so the
pomeron is not a vector exchanged particle. Rather the
WW correlator suggests that it is a world-sheet made of
a coherent sum of planar gluons. In the Pomeron channel
this sum is C-even.
VI. REGIME OF VALIDITY
In this section, we estimate the regime of validity of
our holographic approximations. The flat space approx-
imation where the strings are assumed to stay close to
an IR end point can be tested via the argument given
in [19]. The string motion along the holographic direction
is governed by an effective Schrodinger equation whose
potential is somewhat model-dependent. The universal
feature of this potential is that it includes a positive term
proportional to (−t) with a monotonic increase in the
IR direction. This implies that for a sufficiently large
(−t), the IR region is screened by a potential barrier,
and the string worldsheets are pushed toward the ultra-
violet (UV) regime, where the description presumably
goes over to a BFKL-type behavior. If the potential at
t = 0 has a local minimum at some point close to the
IR end point, which typically happens for models with
confinement and running coupling, the strings can stay
close to that point for small enough (−t) such that the
repulsive part proportional to (−t) is subdominant. The
precise analysis for our Witten’s geometry is deferred to a
future work, but the prototypical analysis in [19] suggests
that the condition for this should be
√−t ≤MKK . (81)
This specifies the regime of soft Pomerons that we are
interested in.
Another important assumption in our calculations is
neglecting worldsheet fermions. Although the full Green-
Schwarz action for models with confinement is not known
yet, the analysis in [27] showed that the Green-Schwarz
worldsheet fermions get massive due to couplings to the
background Ramond-Ramond flux. In the gauge where
the string worldsheet coordinates coincide with the space-
time coordinates that the string is embedded, the masses
of the fermions are shown to be roughly the mass scale
of the glueballs, which is MKK for Witten’s geometry.
We now estimate precisely when we can neglect the ad-
ditional effects from these massive worldsheet fermions
in our result.
The worldsheet fermions do not affect the classical
worldsheet instantons and their classical action. In the
exponent of the result (65) (it is enough to consider
k = 1, n = 0 for our purpose), −b2/2χα′ is therefore
not affected by fermions. The contribution D⊥χ/12 to
the intercept, comes from quantum 1-loop fluctuations of
worldsheet bosons, and in principle worldsheet fermions
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can affect this result through the 1-loop determinant in-
duced by their fluctuations
The classical instanton for k = 1 appears at T = 2pi/χ
as we saw in previous sections. Note that the range of
σ on the worldsheet was normalized to 1 before. In the
spacetime picture, the string is extended by the distance
b transversely, so to match the string worldsheet coordi-
nates with the spacetime coordinates keeping the confor-
mal gauge, one has to rescale the string coordinates by a
factor of b (Weyl transformation), so that the ranges of
(σ, τ) are (b, 2pib/χ) respectively. The classical Polyakov
action in this gauge is simply the area times σT /2 which
reproduces b2/2χα′. The mass of the worldsheet fermions
is of order of MKK in this coordinate gauge.
The contribution to the intercept D⊥χ/12 arises as the
Casimir energy or Lu¨scher correction from the bosonic
fluctuations on this string worldsheet. Note that the
range of σ is much larger than the range of τ for large χ,
so one should think of τ as space and σ as time in this
analogy to the Lu¨scher correction to the potential. Let us
consider the range of τ as an effective length L = 2pib/χ.
Then D⊥χ/12 can be understood as a Lu¨scher type con-
tribution
D⊥χ
12
=
piD⊥
6
b
L
= b · V (L) . (82)
The massive fermions of mass MKK contribute to the
potential V (L) an amount [27]
V (L)F ∼ D⊥
√
MKK
L
e−2MKKL . (83)
Using (72), b ∼ min
(√
2χα′, 1√−t
)
, the condition
VF (L) ≤ V (L) becomes equivalent to
√
χ ≥ 72
pi
√
27
2λ
e−8pi
√
27/2λχ , (84)
for the case b ∼ √2χα′, and
χ ≥ 72
pi
MKK√−t e
−8piMKK/χ
√−t , (85)
for the case b ∼ 1/√−t. For sufficiently large χ → ∞,
both (84) and (85) are satisfied. This justifies our ap-
proximation of neglecting the fermionic contributions to
the intercept.
To compare these conditions to those discussed in [19],
let us restrict the analysis to
√−t = 0 for simplicity.
Thus, the dominant contribution to the b integration in
the scattering amplitude stems from
b ∼
√
2α′χ =
√
27χ/2λM−1KK . (86)
which is the diffusion length. This b characterizes the size
of a typical string worldsheet in the functional integral.
In the regime where this size is smaller than the curvature
scale of the geometry at the IR end point, the strings feel
a locally flat ten dimensional space, and the proper string
theory is the critical ten-dimensional superstring theory
including worldsheet fermions. The worldsheet fermion
masses become irrelevant, and the “locality” assumption
in [19] is valid in this regime. The resulting intercept, now
coming from a full critical string theory, is 2 as in (1) [19].
This is the maximal spin of the massless states exchanged
(in ten dimensions), which are the spin 2 gravitons.
The proper length of ∆x⊥ ∼ b at the IR end point in
Witten’s geometry is
bproper = b (UKK/R)
3
4 ∼
√
2χls , (87)
using (86) and
R3 = λl2s/2MKK , UKK = 2MKKλl
2
s/9 . (88)
Here we changed the holographic coordinate in (8) as
z = (R/U)3/4 and z0 = (R/UKK)
3/4. The curvature
scale from the size of the internal S4 is given by
Lc = (R/UKK)
3
4 UKK =
√
λ/3ls , (89)
so that the condition bproper ≤ Lc translates to
χ ≤ λ/6 . (90)
One should also compare b with the Kaluza-Klein scale
M−1KK that characterizes the 4D masses of glueballs upon
compactification to 4 dimensions. Only when b ≤M−1KK ,
one can neglect the existence of the compact holographic
direction, and justify the “locality” assumption in [19].
From (86), this yields
χ ≤ 2λ/27 , (91)
which is similar to (90). Only in the regime satisfying
(90) and (91), the “locality” assumption and the inter-
cept close to 2 (modulo further 1/λ corrections) in [19]
are justified.
As one increases χ above the bounds (90) and (91), the
size of the worldsheet b is large enough to invalidate the
10 dimensional “locality”, and the intercept starts devi-
ating from 2. The string worldsheets start feeling the
curvatures of the geometry, the existence of a confining
scale, and the supersymmetry breaking. Although the
dynamics along the holographic direction and its effect
on the intercept were studied at the border of the con-
ditions (90),(91) (i.e. χ ∼ λ) in [19], it is generally hard
to analyze these effects for χ  λ. This limit is rele-
vant to diffractive physics in general and the Pomeron in
particular.
Qualitatively, when b  M−1KK (χ  λ), the masses
of the 4D glueballs of order MKK from the Kaluza-Klein
reduction of 10 dimensional gravitons are important. In-
deed, the exchanged Pomerons at low (−t) ≈ 0 can no
longer be thought of as 10 dimensional massless spin 2
gravitons in this regime as they are replaced by 4D mas-
sive spin 2 glueballs. Whether the t > 0 spectrum still
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governs the small (−t) ≥ 0 regime and thus the intercept
is not a trivial question. When (90) and (91) are satisfied,
it is clear that the Regge trajectory from approximately
the “local” 10 dimensional amplitude smoothly connects
(−t) ≥ 0 and the t > 0 spin 2 glueball spectrum as in [19],
leading to an intercept close to 2. However, outside the
parameter range (90) and (91), it is not really possible
to infer anything about (−t) ≥ 0 from the t > 0 spec-
trum. We do not know how to compute the full string
amplitude in this regime. It is very likely that the inter-
cept should come from a different physics unrelated to
spin 2. Equivalently, this also means that a simple sum
of supergravity field exchanges as in [46] cannot give the
right intercept, as these massive modes are away from
the t = 0 region.
For small (−t) ≥ 0, we have seen that the imaginary
part of the amplitude is governed by our worldsheet in-
stantons. What we showed was that the worldsheet the-
ory of these instantons for large χ satisfying (84) and (85)
is approximately bosonic, indicating a transition from su-
perstring to an effective bosonic string description with a
proper D⊥ perhaps as advocated by Lu¨scher. The result-
ing intercept is naturally far from 2 by a number of order
1. The conditions (84) and (85) requiring a large χ for the
validity of this is consistent with the breakdown of (90)
and (91) for a superstring description. Our analysis sug-
gests that what is responsible for a low (−t) ≈ 0 Pomeron
trajectory originates from this non-critical bosonic effec-
tive string theory.
VII. FROISSART BOUND
Both (73) and (77) for the scattering amplitude vio-
late unitarity as s→∞. The reason is the one Pomeron
exchange approximation to the exact dipole-dipole cor-
relator (10), which can break down for sufficiently large
s. One conventional way of curing this is to sum over
all multi Pomeron exchanges by exponentiating (10), ne-
glecting inter-Pomeron interactions as an approximation.
Due to g2s in front of (10), this is tantamount to summing
a subset of 1/N2c corrections in relation to the unitarity
bound. The resulting scattering amplitude reads
1
2is
T (s, t) =
∫
d2b eiq·b (1− exp(WWpoles)) , (92)
where theWWpoles contribution in the exponent is given
by (65). The total cross section follows by the optical
theorem
σtot(s) = 2
∫
d2b (1− exp(WWpoles)) . (93)
Inspecting our result (65), the integrand in (93) becomes
vanishingly small when b ≥ bmax with
b2max =
D⊥α′
6
χ2 , (94)
for large s → ∞ limit. This is due to the fact that the
contribution to WWpoles becomes exponentially small
when b  bmax from the exponential structure of (65).
On the other hand, for b ≤ bmax, the contribution
WWpoles becomes large and negative in the s→∞ limit,
causing the integrand in (93) to be 1. Therefore, b = bmax
specifies a sharp transition of the integral in (93), similar
to a black disc. Thus
σtot(s) ≈ 2
∫ bmax
d2b =
piD⊥α′
3
χ2 . (95)
The total cross section (95) saturates the Froissart uni-
tarity bound, i.e. σtot(s) ≤ χ2 [47].
This unitarization of the scattering amplitude at high
energies leads to the replacement of the “bare” Pomeron
characterized by the parameters (76) by the “dressed”
Pomeron with a smaller effective intercept. This may be
at the origin of the apparent discrepancy between the
intercept (76) and the experimental one. At very high
energies, the increase of the cross section becomes log-
arithmic, thereby offering an alternative mechanism for
the reduction of the effective intercept.
VIII. CONCLUSIONS
In holographic QCD, the inelasticity in the dipole-
dipole scattering amplitude arises from the t-channel ex-
change of closed bosonic strings of N-ality k between the
dipole world-sheets. The Pomeron emerges as a stringy
realization of the Schwinger mechanism in the triple limit
Nc  χ  λ  1 sequentially. The quantum creation
process fixes not only the Pomeron slope, but also its in-
tercept and weight (“residue”) in the elastic amplitude.
Our result for dipole-dipole scattering is similar to the
one initially derived in [14, 16] using semi-classical argu-
ments for quark-quark scattering, but not identical. In
particular, the Pomeron slope and the intercept is found
to be 2 and 8 times larger respectively. The semi-classical
arguments are related to our stringy instantons of the
Schwinger mechanism. In a striking way, the Schwinger
pair creation process is at the origin of the string insta-
bility observed initially in Minkowski space in [13].
We have noted that in our analysis the Pomeron cou-
ples vectorially, and it is far from a spin 2 t-channel pole.
The graviton is the starting point in the analysis of [19],
which is explicit in the amplitude (1) quoted in the in-
troduction. The key difference between the two analyses
and therefore the results is in their starting point which
is tied to the nature of the probes used. In our analysis
which follows the initial holographic work in [13–16], is
based on the dipole-dipole scattering reduction formula
(4-5) where an explicit use of the vector character of the
QCD gluon coupling was made [3]. The appearance of
the 2s factor as also explained in (80) is a consequence of
this reduction. As a result, the Pomeron exhibits a vector
coupling to the dipole worldsheet from the start, which
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is a welcome empirical feature of our analysis. In con-
trast, the closed string Virasoro-Shapiro amplitude used
in [19] does not rely on this reduction for the description
of the Pomeron. It is an alternative way to describe the
Pomeron starting from the graviton tensorial coupling of
s2/t in flat space and correcting for the spin, coupling
and pole location through a 1/λ and curvature. Amus-
ingly, our analysis breaks down at small b and/or χ < λ,
while the analysis in [19] breaks down at large b and/or
χ > λ. These analyses are thus different holographic
approximations to QCD diffraction at high energy.
In many ways our analysis is similar to that carried out
by Bachas [48] for D0-brane scattering in flat space string
theory. While our Wilson-loop dipoles in holographic
QCD are not D-branes, the stringy bosonic exchange for
the Pomeron bears some similarities. In particular the
emergence of the pole-structure in (34) is solely due to
the twisted bosonic string zero modes. The effect of the
twist due to rapidity is, by a T-duality transformation,
analogous to the effect of an electric field living on the
dipole worldsheet, leading to a Bohm-Aharonov effect in
the longitudinal string spectrum.
We have shown that the T-dual induced longitudinal
electric field causes an Unruh acceleration and thus an
Unruh temperature. As a result, a ”micro-fireball” forms
which maybe at the origin of the transverse diffusion of
the string and thus of the Pomeron in the impact param-
eter space description. This ”micro-fireball” may explain
the thermal character of multiparticle production in high
energy hadronic collisions and may seed the ”firework”
in AA collisions at ultrarelativistic energies as probed by
RHIC and LHC. These observations will be analysed and
extended elsewhere.
We have noted that the universality arguments put
forward long ago by Lu¨scher [41] suggest that the use
of the Polyakov action in flat space-time dimension with
D⊥ = 2 (scalar model) may be universal for the descrip-
tion of dipole-dipole scattering at large impact param-
eter. The ensuing scattering amplitude bears a leading
Pomeron trajectory for Nc = 3 and strong coupling λ
for dipoles in the fundamental representation, which is
comparable to the Pomeron trajectory inferred from ex-
periment. We have shown that the eikonalization of the
exact expression for the dipole-dipole correlator yields
a total cross section for dipole-dipole scattering that is
consistent with the Froissart unitarity bound. Our re-
sults can be improved in a number of ways, for example
by considering the effects of the holographic direction
(curvature) in the string propagator. Indeed, by being
transverse this holographic direction is likely to exhibit
transverse curved diffusion as noted in [19]. This point
and others will be addressed elsewhere.
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